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Rank one perturbations of diagonal operators 
without eigenvalues 


Hubert Klaja * 


Abstract 


In this paper, we prove that every diagonal operator on a Hilbert space 
of which is of multiplicity one and has perfect spectrum admits a rank one 
perturbation without eigenvalues. This answers a question of Ionascu. 
Keywords: rank one perturbations of diagonal operators on Hilbert 
spaces, spectrum, eigenvalues. 
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1 Introduction 

Let H be an infinite dimensional separable complex Hilbert space, and let (e*) jgN 
be a Hilbertian basis of H . If u, v £ H , we denote by u®v the rank one operator 
defined for every h £ H by 


u ® v(h) = (h, v) u. 


Recall that for every rank one operator R £ B{H), there exist u,v £ H (not 
unique) such that R = u ® v. We say that an operator D on H is diagonal in 
the basis (ej), e rj if there exists a sequence of complex numbers (A;)ieN such that 



The class of operators which are rank one perturbations of a diagonal oper¬ 
ator is still not well understood. For example, the invariant subspace problem 
as well as the hyperinvariant subspace problem, are still open for such opera¬ 
tors (see [FJKP07] , |FX12| and |Klal5| for some partials results concerning the 
existence of hyperinvariant subspace for perturbations of diagonals operators). 
The most obvious approach for these operators is to look for an eigenvalue. But 
this is not always possible. Indeed Stampfli [Sta84] built a diagonal operator D 
and two vectors u,v £ H such that <r p (D + u 0 v ) =0. We don’t know if this 
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operator has a non trivial invariant (nor hyperinvariant) subspace. On the other 
hand, the opposite phenomenon can happen. Indeed it is proven in |Gril2] that 
there exists a rank one perturbation of a unitary diagonal operator which has 
uncountably many eigenvalues (see also 111. 1 for an alternate proof). 

In [IonOl] , Ionascu studied rank one perturbation of diagonal operators and 
asked the following question 

Question 1.1 ( |Ion01| l. Let D be a diagonal operator. Does there exist u,v G 
H such that 

1. a(D + u ® v) = a(D ), 

2. <j p (D + u ® v) = 0 ? 

The goal of this article is to answer this question. Ionascu proved in llonO II 
that if a bounded diagonal operator D has no cyclic vector, or if the spectrum 
of D has an isolated point, the answer is no. The main result of this paper is 
the following result, which is a positive answer to Question 1 1.1 1 in all the other 
cases. 

Theorem 1.2. Let D = X) igN A^ej ® e * ^e a bounded diagonal operator on H. 
Suppose that D has a cyclic vector and that a(D) is a perfect compact set (i.e. 
that a(D) has no isolated points). Then there exist u,v G H such that 

1. o(D + u ® v) = 

2. <j p (D + u ® v) = 0 . 

Moreover u,v G H can be chosen so that ||u® w|| is arbitrarily small. 

Moreover it will be clear from the strategy of the proof that the results 
of I IFJKP07] (and even those of IFX12I and (Klal5| ) about the existence of a 
non trivial hyperinvariant subspace won’t apply to the operators build in this 
theorem. Therefore for some of those operators, we won’t know if they posses 
a non trivial hyperinvariant subspace. 

The paper is organized as follows, in section 2 we will recall some known 
results about rank one perturbations of diagonal operators that will help us to 
define a strategy to answer Question 11.11 In section 3 we will recall the basic 
results needed to prove the main result. In section 4 we build a vector that is 
not in the range of D — z for any z G cr (D). More precisely we will prove the 
following proposition. 

Proposition 1.3. Let (Ai)igN be a sequence of complex number dense in a 
closed compact perfect set K and such that for every i ^ j, A i ^ A j. Then there 
exists a sequence (rti)jgN of complex numbers such that 


1. for all i 6 N, iti ^ 0, 

2. for all z G K \ {A;, i G N}, 
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In section 5 we will reproduce a proof due to William Alexandre on (who 
kindly allowed the author to reproduce the proof here), for building an analytic 
function which does not vanish on a prescribed set. 

Proposition 1.4. Let F C C be a perfect closed set. Let (Aj)igN a dense 
sequence in F. Let ( 7 be a sequence of strictly positive numbers such that 

'^2'y i <oo. 
ie N 

Then there exists a sequence of complex numbers (ci)i^ such that 

1. for all i S N, Ci ^ 0, 

2. for all i £ N, |c*| < 7 %, 

3. YZi z-\ conv erges uniformly on every compact subset of C \ F, 

4- for allz£C\F, ^ - 1 ^ 0. 

In section 6 we give a proof of the main result and in section 7 we discuss a 
generalization of the main result to unbounded diagonal operators. 


2 Some results about rank one perturbation of 
diagonal operators 

In this section, we recall some results of Ionascu llonO 11 concerning rank one 
perturbations of diagonal operators. 

Proposition 2.1 (' |Ion01| '). Let D = ® e * be a diagonal operator. If 

there exists i,j£ N such that i 7 ^ j and A* = A j, then for all u,v £ H we have 
that A i £ a p (D + u ® v). 

Recall that only diagonal operators of spectral multiplicity one possess cyclic 
vectors. So we can reformulate the previous proposition the following way: if D 
has no cyclic vector, the answer to Question ll.ll is no. Here is another result of 
Ionascu. 

Theorem 2.2 (Ionascu |Ion01j h Let D = N \i e i® e i be a diagonal operator. 
Let i £ N. If for all j 7 ^ i, A j 7 ^ Ai, and if Xi is an isolated point of a(D), then 
for all u, v € H, we have either 

1. A i £ o p (D +u<g>v), 

2. Xi o{D + u (g) v). 

This result tells us that if cr(D) possesses some isolated points, then the 
answer to the Question II. II is no as well. 

Let E C C be a subset of the complex plane. We say that E is a perfect 
set if it has no isolated points. Summering the two results above we see that 
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if D has no cyclic vectors or if a(D) has an isolated point, then the answer to 
Question II. II is no. 

The next result is again due to Ionascu, and gives necessary and sufficient 
conditions for z to be an eigenvalue of D + u ® v. 

Proposition 2.3 (Ionascu [IonPlj l. Let D = n A,;e,; ® e-i be a diagonal 
operator such that for every i 7 ^ j, we have X * 7 ^ A j. Let u,v G H be two 
vectors such that for every i G N we have ( u,et } 7 ^ 0 and {v,ef) 7 ^ 0. Then 
z G <J P (D + u ® v) if and only if 

1. zi a p (D), 

o v K"’ e »)l 2 „ 

<im Z^igN \z~\i\~ < °°' 

o (u,ei)(v,ei) _ 1 

Z^igN z—Xi ~ ± ’ 

The condition (1) from Proposition 12.31 states that if z = A^, then 2 cannot 
be an eigenvalue of D + u ® v. We remark that condition (2) is equivalent to 
the fact that u belongs to Ran(D — z). Remark that if z £ a (D), as D — 2 is 
invertible, we have that condition (2) is automatically satisfied. 

In order to prove Theorem 11.21 we will build a vector u G H such that for 
all i€N, (u, ef) 7 ^ 0 and for all 2 G cr(D) \ <J P (D) we have 

l ( u > e *)| 2 

E i m2 = °°- 


In this way, condition (2) of Proposition 12.31 will not be satisfied when 2 G 
cr(D) \ a p (D), and this will prove that ( a(D ) \ a p (D)) fl cr p (D + u ® v) = 0. 

Then we will construct a vector v G H such that for all i G N, ( v,et } 7 ^ 0 
and for all 2 G C \ cr(D) 

(u, e») (v,ej) ^ 1 
z — Xi 

This boils down to construct an analytic function of the form 



E 

igN 


Cj 

z- Xi 


- 1 


which does not vanish on C\<t(D), with a sumability condition on the coefficients 
Ci that will guaranty that for a suitable choice of u and v G H, Ci = (u, ef) (v , e,}. 
So condition (3) of Proposition 12.31 won’t be satisfied for all 2 G C \ cr{D). So 
we will have that (C \ cr{D)) fl er p (D + u ® v) = 0. According to condition (1), 
we will have that c p {D) n cr p (D + u ® v) =0 and D + u ® v won’t have any 
eigenvalue. Thus a positive answer to Question ll.il will follow. 


4 












3 Preliminaries 


Before carrying out the two steps in the proof of Theorem 11.21 we will need 
tools, which we present in this section. The first result is a classical theorem 
from measure theory. A more general version of this one can be found in in 
|Rog701 Th 32], 

Theorem 3.1. Let E C C be a measurable subset of the complex plane of 
Lebesgue measure zero. Then there exists a family of open balls (Oi)igN such 
that E C UjgNOi, SigN diam(Oi) 2 < oo, and for all z £ E, there exist infinitely 
many ieN such that z £ O*. 

We will also use the notion of point of Lebesgue density of points of a mea¬ 
surable subset of the complex plane. In the following, B will always denote a 
ball of the complex plane. Recall that if E C C is a measurable subset of the 
complex plane, and z £ C, we say that z is a point of Lebesgue density of E if 


dens( 2 , E) 


lim 


m(E D B ) 
m(B) 


= 1 . 


If 2 is a point of Lebesgue density of E , then there are "a lot" of points 
belonging to E around 2 (in the sense of the Lebesgue measure). Recall that 
Lebesgue density theorem says that for almost every 2 £ C, dens( 2 , E) = 1e(z). 
It is also possible to replace the balls B by a family a measurable subset that 
shrinks regularly to z. Remind that a collection of measurable subsets (U a ) a eA 
of C is said to shrink regularly to 2 if there exists a constant c > 0 such that for 
all U a , there exists a ball B such that 2 £ B 1 U a C B and m(U a ) > cm(B). 
More information about Lebesgue density can be found in [SS05| . 


4 A vector not in Ran(.D — z) 

The goal of this section is to prove that if D satisfy the hypothesis of Theorem 
OI then there exists a vector u £ H such that for every 2 £ <x{D) \ a p (D), u 
does not belong to Ran(Z) — 2 ). First we rephrase Proposition II.31 

Proposition 4. 1 . LetD = J2i g N A iei ®ei be a bounded diagonal operator such 
that for every i 7 ^ j, A i 7 ^ A j and cr(D) is a perfect compact set. Then there 
exists a vector u £ H such that 

1. for all ieN, (u, e*) 7 ^ 0, 

2. for all z £ cr(D) \ a p (D), 


l('»> e i)| 2 _ 

igN l~ ~ 


5 








The proof of this Proposition is inspired from a paper of Stampfli [Sta84j . 
We will divide the proof in several lemmas. 

Without loss of generality, we can suppose that cr(D) C [0,1] x [0,1]. For all 
n e N, we denote by (C nt k) k =o the family of closed dyadic squares [i2 _ra , (i + 
l)2 _n ] x [j2~ n , ( j + l)2 -n ] with i,j £ {0,..., 2 n — 1}. We denote by D n ^ the 
interior of the square C n ^. We also denote by F n the boundary of all the dyadic 
squares at stage n, i.e. 

2 " 

F n = [J {Ou V) G [0,1] x [0,1] : x = k2~ n or y = k2~ n }. 
fc=o 


We set 

Ai = {z £ cr(D) : dens( 2 , a(D)) = 1} \ U n ^F n and A 2 = a(D) \ A±. 

Using Lebesgue density Theorem and the fact that m(L) n F n ) = 0, we get 
that m(Ai) = m(a(D)) and m{A 2 ) = 0. 

Lemma 4.2. If D n ^C\ A\ ^ 0, then there are infinitely many eigenvalues of D 
lying inside D nk . 

Proof. Let z £ D n ^r\Ai. From the definition of A\, we have dens( 2 , cr{D)) = 1. 
In other words, if we denote by B(z, r) the ball centered at z of radius r, we get 
that 

]jm m(B(;,r)n <,(£)) = j 
o m(B(z,r)) 

In order to prove the Lemma, we will prove by contradiction that rn{D nk D 
er(D)) > 0, as a(D) is a perfect set and cr p (D) is dense in a(D), this will prove 
the lemma. Suppose that m(D n D cr(D)) = 0. Then 

m(B(z, r) D cr(D)) 

= m(B(z, r) (~l D n>k n a(D)) + m(B(z, r) D (C \ D Uyk ) n er(L>)) 

= m(B(z, r) D (C \ D n>k ) n a(D)). 

When r is small enough, we get that B(z,r) C B n ,k (because D n ^ is open), so 
m(B(z , r) fl (C \ D n ^) D er(D)) = m(0) = 0. So m(B(z, r) fl u(D)) = 0 and 

]jm m(B(,, r )n»(C)) = 0 
r — m(B(z,r)) 

This contradicts the assumption that z £ Ai and dens(z, u(D)) = 1. □ 

Since m(A 2 ) = 0, Theorem 13.11 implies that there exists a family (Oi)igpj 
of open subsets of the complex plane C such that A 2 C Ufor all i £ N, 
Oi l~l <j(D) 0, diam(Oi ) 2 < oo and for all z £ A 2 , there exist infinitely 

many * £ N such that z £ Oi. Now we can renumber the eigenvalues \ and the 
eigenvectors e, of D by stage. 
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We initialize at stage 0 (n = 0). We have that Co,i = [0,1] x [0,1] and 
Z?o, i =]0, l[x]0,1[. If Ho,i fl A\ ^ 0, we choose i(0,1) G N such that A^oq) G 
I>o,i fl a (D). Otherwise we do nothing. Write E 0 = {k G N : Z? 0j fc D Ai ^ 0}, 
and /o = {i(0, k) : k G Ho}. 

Then we choose j(0) £ N \ Iq such that Aj( 0 ) €= er(I?) fl Oo (we can do it 
because Oo H cr{D) ^ 0, cr(O) is a perfect set and Oo is open). Denote by 
Jo = (j(0)}. 

Once the stages 0,... ,n — 1 are complete, we proceed with stage n . For 
each k G {1,..., 2 2n j, if D„ t /-nAi ^ 0, we choose i(n, k) G N\(J„_iU(U)?“g/fc)) 
such that Xi{n t k) G D n ^ fl cr(O). Otherwise we do nothing. Denote by E n = 
{k G N : D n ,)i ndi / 0}, and I n = (i(n, fc) : k G £„}. 

We choose j( n ) G N \ (J n _i U (UjJ_ 0 /fc)) such that Aj( n ) G cr(D) fl O n (we 
can do it because O n f)a(D) ^ 0, a(D) is a perfect set and O n is open). Denote 
by J n = {j{k) : k = 0 ,..., n}. 

From the construction, we get for all n, rn G N such that n ^ to that 
Jn n J m = 0, /„ n z m = 0, Jn n j m = 0, J„ n i n = 0. 


In other words, the A i( n ,k) and the \j(„) are all distinct. 

At the end of the renumbering, it is possible that we "forgot" some A i (i.e. 
it is possible that N ^ (U n& jql n ) U (U m 6 NJm))- We will decompose our Hilbert 
space H into three subspaces: H = Hi ® H 2 ® H reste with 


Hi = span{ei( nt k ) : n G N, k G E n } = span{ei : i G U„<=n/„}, 
H 2 = span{ej(n) :nGN} = span{ej : j G U n eNJn}, 

H r — span{ei : i ^ U n ^]^/ n U m ^]^ Jm\- 


Denote by 0 n the number of elements in I ni i.e. the number of eigenvalues 
chosen in the dyadic square at stage n. Define the vectors ui , u 2 and u r in the 
following way: 


— EE 

n£N keE n 


ly/ fln 


&i{n,k)i a 2 


= diam(O n 


e I(n) 


n£N 


We have that 


and u r 


E 

eN:VneN,i^/„UJ„ 


1 

- e*. 

1 


hill 2 


E E IE e *(n,fe)>r = E E 

new keE n n£N keE n 


E 

n£N 


< 00 . 


So we have that u\ G H Concerning u 2 , we have 

IMI 2 = ^2 \( U ’ e o(n))\ 2 = E diam (°n) 2 < °°- 

nSN neN 


So we have u 2 G H 2 . We also get that u r G H r . Denote by u = iq + u 2 + u r . 
We have that u G H. 
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In order to complete the proof of Proposition 14.11 we will show that if z G 
A\ \ cr p (D ) then iti ^ Ran(D — z), and if 2 G A 2 \ a p (D), then u 2 ^ Ran(D — z). 
This will enable us to conclude the proof of Proposition l4.ll Indeed if z G cr(.D) 
then either 2 G A ll or z G A 2 . If z G Ai, i = 1,2, then m ^ Ran(Z? — z). So 
u Ran(D — z). 

Lemma 4.3. Let z G A± \ <r p (D). Then u± Ran(D — z). 

Proof. Let z G A\ \ cr p (D). For all n G N, there exists some unique integers 
l n {z) and m n (z) G {0,..., 2 n }, such that 

z G]ln(z)2~ n , ( l n (z ) + l) 2 - "[x]m n (z) 2 -n , (m n (z) + l) 2 “ n [. 

For all p G {1,..., 2 n j, set 

L n>p (z) = (J [ I2 ~ n , (I + l)2 _n ] x [m2-”, (m + 1)2""]. 

m, l G {0,..., 2 2 ”} 

|m - m„(z)| < p 
1 1 - ln(z) I < p 

The set L nyP (z) is the union of the closed squares C nj fe which are at most p 
squares away from z. 

Fact 1. The family (Ln,p(£))neN,pe{i,..., 2 "} shrinks regularly to z. 

Proof of Fact 1. Indeed, if Re(z) < 2 _1 and lm(z) < 2 _1 (the cases Re(z) > 2 _1 
and lm(z) < 2 _1 , Re(z) < 2 _1 and lm(z) > 2 _1 , Re(z) > 2 _1 and lm(z) > 2 _1 
are similar), L njP (z) contains the following smaller square 

Pn, p = [l n {z)2~ n , (l n (z) + p)2~ n ] x [m n (z)2~ n ,(m n (z)+p)2~ n }. 

We have that m(P n , P ) = . Moreover L n>p (z) is a subset of the following 

bigger square 


Sn,p = [(ln(z) - p)2 n ,(l n (z)+p) 2 ”] x [(m„(z) - p)2 n , (m„(z) +p)2 "]. 
As SVi.p is a square, there exists a ball B np such that S n>p C B nyP and 

m{B n , P ) = ^m{S n , p ) = | ^ = 2tt m(P„, p ). 

In other words we have that L UtP (z) C and 

1 


27T 


m(B n>p ) < m{Pn, P ) < m(L„, p (z)). 


So L n<p (z) shrinks regularly to z. 


□ 





As dens(z, <r(D)) = 1, it follows that there exists e > 0 such that for all 
L n ,p{z) such that m(L ntP (z)) < e we have that 

m(a{D) n L niP (z)) 3 

m(L n , p {z)) 4 ( J 

Let n £ N. If m n (z) — p + 1 > 0, l n (z) — p + 1 > 0, m n (z) + p < 2 n and 
l n (z) + P < 2 n , then L ntP {z) is 

[(l n {z) ~P+ 1)2“”, {l„(z) +p)2~ n ] x [(m n (z) -p + l)2 _n , (m„(z) +p)2~ n ] 

is a square. Denote by G n (z) the set of all integers p £ {1,... , 2 "} satisfying 
this condition. In other words, if we write 

p n {z) = min {m n (z) + 1 , l n {z) + 1 , 2 n - m n {z), 2 n - l„(z)}, 

we have that 

G n (z) = {p£N :l<p< p n (z)}. 

Let agNbe the smallest integer such that e > 42 _2 “. Let p £ N be such 
that 1 < p < 2 n ~ a . We have that 

m{L ntP (z)) < (2p — l) 2 2 _2ra < 4p 2 2 _2n < 4 2 2 n - 2 “ 2 “ 2n = 4 2 “ 2q < e. 

So if 1 < p < 2 n ~ a , then L UiP {z) satisfies ([J). 

We have that p n (z) ~ 2 n min{Re(z), Im(^), 1 — Re(z),l — lm(z)}. We fix 
some e > 0 such that CD is satisfied and 

^ < ini p n {z)2- n . 

Z nEN 


Then we have that 


2 n ~ a <^2 n < inf p n {z)<p n {z). 

2 n€N 

In other words, if e is small enough, the sets L n ^ p (z) for 1 < p < 2 n_ “ are 
squares, composed by (2 p — l ) 2 squares C nt k- From now on, we suppose that 
this condition is satisfied. 

Fix n > 1. We will prove by induction on p £ {l,...,2 n- “} that there 
exists a subset I' of I n of cardinal p, such that the I' np . p £ {1 ,... , 2 ra_Q }, 
are pairwise disjoint, and for all i £ I' np , X * £ L njP (z). 

Let n > no such that 1 > 2 n °~ a . If p = 1 , then L n ^(z) is the only square 
D n ,k which contains z. As z G A\ and z £ D n ^k then A± fl D n ^ ^ 0. So k £ E n 
and Aj( nifc ) G D ntk , and we set I' n l = {i(n,k)}. 

Inside L UyP (z), there are (2 p — l ) 2 squares D n As dU) is satisfied, we get 
that 

3 

m(L n>p (z) (~l <j(D)) = m(Ln iP {z) D A\) > -m(L njP (z)). 
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There are at least | of the squares D U} k forming L n ,p(~) which meet A±. Oth¬ 
erwise there would be a least \ of the [2p — l) 2 squares D n ^ included in L njP (z) 
which does not meet A- t . so we would have 

m(L niP (z) \ <r(D)) > ^(2 p- l) 2 2~ 2n . 

Consequently 

m(L ntP (z) D cr(-D)) = m(L niP (z)) - m.{L ntP (z) \ a(D)) 

< (2 p - l) 2 2~ 2n - i(2 p - l) 2 2~ 2n 

= \{2p-l) 2 2~ 2n 

3 

= -m(L n , p (z)). 


This contradicts ©• 

In other words, we chose during the construction u at least 3< ' 2p ~ 1 ' > squares 
at stage n in L ntP (z). Denote by J' the set of the corresponding index i(n , k), 
= {i(n,k) : D n ^ D A\ ^ 0 and D n ^ C L ntP (z)}. We have that 


i.e. 


^ n,p 


/' cl 

u n,p 1 n 
SO 


Let J" p = Jn, P \^=iIn,i- We have that for all i G J" p , A , G L n , P {z) 


\z - Ad < 


P V2 


Moreover, since the cardinal of 7" l is l for each l G {1 .,p— 1} 


«C) £ |(2p -1) 2 - E (> |(2 P -1) ! - d(L_1> 


>P- 


i=i 


So we can choose for I' any subset of I” p of cardinal p. 

Then the I' n p are pairwise disjoint, and contained in I n . We have that 


E 

keE n 


-A. 


•i(n,k) | 


E 

ieln 


Ai 


^ E E 

p=i ie/' . 


-A, ; 


V- 2 2n 

^ E 

p=i ^ 


2 2n 

2 


2 n- Q 

E 


i 

- > 

p 


— log(2"-“) 


2 ^ n 

— {n-a) log(2). 
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So 


| (D-z) 1 u 1 \\ 2 > 55 E 


1 


nGN t£E, 

1 


n Pn \ Z - A. 


i(n,fc) | 

l 


-A. 


= E 

nGN ' P n keE n 
1 o 2 n 

> 51 EaiS-— (™- a) lo g( 2 ) 


i(n,k) | 


n 2 /3„ 2 


5 ](n-a)- 


~)2n 


> 


n6N 

log(2) 

n£N 

log(2) n — a 


E 


2 *—' n* 

n£N 


= oo. 


We have used here the fact that there are at most 2 2 " dyadic squares C n j : at 
stage n, and consequently /3 n cannot exceed 2 2n . So jf- > 1. This proves that 
if 0 G A\ \ <J P {D) then u\ £ Ran(D — z). □ 

Lemma 4.4. Let z G A 2 \ a p (D). Then U 2 ^ Ran(Z) — z). 

Proof. Let \ <j p (D). Set J z = {i € N : 2 £ Oi}. Then we have that 


(D — z) 1 U 2 


= E 

n(EN 

>E 


ieJz 


|(u, ej( ra ))| 

\ Z — ^j(n) I 
diam(Oj) 2 
diam(Oj) 2 


^E 

i£Jz 


Ei 

ieJz 


\{ u > e j(i))\ 
\ Z ~ ^j(i) | 


= OO, 


E 

i&Jz 


diam(Oi) 2 

| ^ — Aj (i) | 


because there are infinitely many i such that z G O This prove that if z G 
A 2 \ <Jp(D), then u 2 Ran(D — z). □ 

We conclude that if z G <j(D) \ <t p (D), then u £ Ran(_D — z). This finishes 
the proof of Proposition l4.ll 


5 An analytic function which does not vanish 
outside a perfect set 

Thanks to the previous work, we can make condition (2) of Proposition 12.31 
impossible to be satisfied for any 2 G cr{D) \ <r p (D). In other words, we can 
build a rank one perturbation of D without eigenvalues inside cr(D). In this 
section we present a tool that will allow us to construct a rank one perturbation 
of D without any eigenvalue outside er(D). In order to do so, we need to make 
sure that condition (3) of Proposition ^. 31 is satisfied for any z£C\ er(D). The 
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results of this section are due to William Alexandre EE3, who kindly allowed 
the author to reproduce it here. 


Proof of Proposition [13 We want to construct a function / analytic onC\F 
of the form 

OO 


/(*-) = E 

i=1 


Cj 

Z — Xi 


- 1 


which does not vanish on C \ F. If we choose / of the form 


m = n 


z- Hi 
z- Xi' 


with Hi & F \ {A i : i £ N} well chosen, such that the infinite product converges 
uniformly on every compact subset of C \ F, this will allow us to prove that / 
does not vanish on C \ F. The Hi will be constructed by induction. At each 
stage N, we will consider the partial product 

N 

i= 1 

and prove that /jy can be written as 


N 

Cj,N 


With a suitable choice of Hi, we will prove that we can control the c^jy. These 
will converge to some Ci iOQ = Cj as N tends to infinity, and thus will give a 
natural candidate for / of the form 



m = E 

8=1 


Cj 

z - X i 


- 1 . 


We will check then that f(z) 0 for every z £ C\F. This will be a consequence 
of the fact that /jy will converge to / uniformly on every compact subset of C \F. 
Let cqjy,..., c/y./v £ C be some complex numbers. We have that 


N 


E 


Ci,N 

Z- Xi 


1 


eE ci,iv - n” i(* 

nili(^-A*) 



If we want that 


we must have that 


N 


E 


Cj,N 
Z — Xi 


1 


N 


n 


■2 - Hi 
z-Xi 


N N N N 

'y ' c i,N (z — Xj ) — J^(A — Ai) = M*)- 

i= 1 j=\,jzjLi 2=1 2—1 
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Evaluated at point z = A&, this last inequality can be rewritten as 


N 


N 


If we denote 


we have that 


Ck,N 11 (Afe Xj ) — Mi)* 

j=l,j^k i= 1 


N 

Ck,N — (Afc M&) 

j=l,j^k 


Xk 

X k Xj 


N N 


,_i 2 _ ^ i-Y Z ~ 

Let (ej)jgN be a sequence of positive real numbers such that 


IJ(1 + e?; ) 


< oo. 


i— 1 


Now, as F is a perfect set, we can choose by induction the jik £ F\ {A; : i £ N}, 
such that for every j < k we have that 


|Afc — Hk\ 

lAj ~ Mfc| 


< e k , and 


fe+i 


(A k ~ (J>k) P 


A k l-i'i 


. 4 Afe — A j 

t—1 J 


< 


Ik 


nSfc+i( i + e <) 


Denote by Ck,N the coefficient associated to those m/c- Namely we set 


N 

Ck,N — (Xk H’k) | 

3=1,3^ 


X k Mi 
Xk Xj 


We then denote by 


k-1 


X k Mi 


Ck — oo — I I \ \ 

i Xk Xj 

7 = 1 J 


X k Mi 


L (A t -«)n At _ A 

j—k 


We have that 


Cfc = 


TT A fc - flj 

A fc - Aj 


(A fc — ^k) 


j 

k-1 


n 

i=fe+i 


X k Mi 


A/c Aj 


i=fc+i 


j=i j 

oo 


n (' 


Aj l L j 

A fc Aj 


< 


= 7fe- 
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As ( 7 fc)fc£N G l 1 , we have that (ck)ken G i 1 . As Ck can be written as a convergent 
product of complex numbers, i.e. 


OO 

Ck A k 11 (1 h OLj ) 
i=k+l 


with 


and 


fe-i 


k „= n 

i= 1 


Afc i-ij 

A k A, 


(Afc /c/,;), 


Aj Mi 

Afc Aj 


we have that Cfc ^ 0. Remark that Cfc = limjv->oo Cfc,iv- Let L C C \ f be a 
compact set. We have that 


sup|/(z) - fN{z)\ < sup 

z£L z£L 


< 


N 


C j ~ Cj t N 

z — A, 


E^ 


sup 

z£L 


ST' c i 
z — A , 


dist(L, F) 


U=jv+i 

^ iV oo 

El l C C ~~ c i,iv| + El l Ci l 

V.i=l i=Af+l 


As (ci)ieN € l 1 , we have that 


lim E \ci\ = 0 . 

iV-joo ' 


j=jV+l 


We have that 

N 

E i Ci ~ Ci - 


N 




N 


N 


(A i Mi) 


A, - 


Mi 


i=bi#» 


A* Ao 


= E 

2=1 

N 

= E 

2=1 

IV 

-e tt 55 (i +e .) n ^ +e c 

i=i Hi=i+iA + i=*+i 


n i+ 


i=iv+i 


■^i Mi 

A* Aj 


- 1 


n 

J=1 


A 2 fJ'j 

A 2 A 7 


(Ai /ii) 


N 

n 

j= 2 +l 


A* [ij 


A i A 7 


n 1 

i=JV+l v 


Aj Mj 

Aj Aj 


- 1 


AT 


n ( i+e i) _i 

i=AT+l 


rii=jv+i(l + e i) 1 E 


n^+ia+^i) 


E*- 

i=l 
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As Eill 7 i < E*1 7* < 00 and as 


lim 

N—>oo 


njiiv+iC 1 + e i) - 1 

nr=iv+i(i+^) 


= 0 , 


we obtain that /at converges to / uniformly on every compact subset of C \ F. 
As /at does not vanish on C \ F, f doesn’t either. □ 


6 Proof of the main Theorem 


We are now ready to prove Theorem 1 1.21 

Proof of Theorem \1.B. According to Proposition 14.11 there exists u £ H such 
that for every i £ N, {u, ef) ^ 0 and for all 2 £ (t(D) \ cr p (D) we have that 

K u > e *)l 2 

> - TT = OO. 

\ z ~ 

Let S > 0. From Proposition [T3 is follows that there exist complex numbers Ci 
such that for every * £ N we have 

0 < \ci\ < S |(u, ei}| 2 , 

and for all z £ C \ cr(D), we have that 


E 

ieN 


z — \i 


/!• 


Let r be a vector such that for every i £ N 


(■ v,ei) = 


{u,ei } 


Then v £ H, because 


HI 2 = E 1 / Ct \ 12 ^ ^ 2 EK w > e *)l 2 = 52 imi 2 - 


This yields that for every z £ C\ a (D) 


{u,ej) (v,ej) 1 
z — Xi 

From Proposition E3 we have that a p (D + u ® v) = 0. Indeed if 2 £ cr p (D) 
then 2 ^ cr p (I? + u ® v) because of condition (1). If 2 £ <j{D) \ a p (D), then 

Eiew = 00 , so 2 a p (D+wS)v ) because of condition (2). If 2 £ C\a(D), 
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then 7 ^ 1 and z ^ a p (D + u ® v) because of condition (3). 

Moreover, we have that 

IM«II<IMI IMI<*IMI 2 - 

By choosing (5 arbitrarily small, we can ensure that ||it ® u|| is arbitrarily small. 

We still have to check that <r(D) = a(D + u ® v). We have that a e (D) = 
cr(D) because cr(D) has no isolated points. So we get that cr(D) = a e (D) C 
cr(D -(- u ® v). If z £ a(D + u ® v) \ cr(D), according to Weyl’s Theorem, 
z belongs to cr p (D + u ® v). But D + u ® v has no eigenvalues. Therefore 
er(.D) = cr(D + u ® v). □ 

Remark 6.1. Suppose that D satisfies the hypothesis of Theorem 1 1.2 1 Moreover 
suppose that cr(D) is connected and has a non empty interior. Then we don’t 
know if the operator T = D + u ® v built before posses a non trivial invariant 
subspace. Indeed we can’t use the fact that T posses an eigenvalue, because T 
was build without eigenvalue. We can’t use Riesz-Dunfod functional calculus 
because a(T) = <j(D) is connected. As u ^ Ran(U — z) for all z £ cr(D), we 
can’t use the techniques of [FJKP07] , |FX12| nor IKlalo| . In this case we can 
also prove that u £ ^ 1 +£ ({efc}) for every e > 0 and u ^ Z 1 ({efc}). Therefore 
the l 1 condition of [FX12| for rank one perturbation of diagonal operators is 
sharp in some sense, and there is a few hope that the previous technique can be 
used for getting a complete solution the existence of non trivial hyperinvariant 
subspace of rank one perturbation of diagonal operators. 

However we don’t know if T* possess or not an eigenvalue. 


7 The unbounded case 

In this section we will generalize Theorem 1 1.21 to unbounded diagonal operators. 

Theorem 7.1. Let D = ® e * be a diagonal operator (possibly un¬ 

bounded). Suppose that for every i 7 ^ j, \i 7 ^ A j. Moreover suppose that 
cr(D) = {Ai : i £ N} is a perfect set. Then there exist u,v £ H such that 
a p (D + u ® v) =0. 

Moreover we can choose u,v £ H such that ||u® u|| is arbitrarily small. 

Proof. In the previous proof, only Proposition 14.11 does not work in the un¬ 
bounded case. Recall that in the proof of Proposition 14.11 we reduced to the 
case er(D) C [0,1] x [0,1], which is possible only if a(D) is a bounded set. The 
strategy of the proof here is to write the diagonal operator D as a direct sum 
of bounded diagonal operators. 

Denote by C Ui k =\n,n+ l]x]&, fc+ 1]. We have that C = U n ,kei.Cn,k- For 
every n, k £ Z denote by H n ^ the space 

Ltn.k = span{ei '. A % £ 1'/;./,-}■ 
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We have that H Ut k reduce D , 

D = (J) D\H n k and H = (J) H n>k . 

n,A;6Z n,fc£Z 

We want to apply Proposition QTT] to D\ Hn fc , but this is not possible yet. 

If z G <r(-D|/f n fc )(~l int(C n ,k), then z cannot be an isolated point in a(D^ n k ), 
otherwise it would be also isolated in cr(D), this would contradicts the hypothesis 
that <j{D) is a perfect set. 

If z G cr(D\H n k ) fl C n ^k \ int(C nt k) is an isolated point of a(D\n n k ), then 
0 G <J p (D) (otherwise, as z € a(D\ Hn k ), z would be the limit of some sequence 
\ G C n ,k and wouldn’t be isolated). Therefore there exists i £ N such that 
z = A i. As z £ o-(.D) and cr(D) is a perfect set, z = A* is not isolated in 
v( D \H n+ljk ), °{D\H njk+1 ) or D\ Hn+l k+1 . 

In order to avoid that z = Aj is an isolated point of <j(D\u n k ), we have to 
put the vector e* in the good subspace near ff n ,k- 

Denote by H n ,k the previous cutting of H which take account of this last 
precaution. We still have that H n ,k reduce D, 


D= 0 D {fink , and H = 0 

n,fe£Z n,/c£Z 


So k ) is a perfect compact set and we can apply Proposition 14.11 

There exists u n< k such that for every z G k )\ a p(^\H u n,k ^ Ran(D| i j fc — 

z). So for all a Ut k > 0, we have for every z £ cr(D\a nk ) \ a p(^\H rlk ) that 
otn,kUn,k Ran(£)|jj n k — z ). We choose a sequence of positive numbers a n ^k 
such that 

IK,fell < oo. 

n£Z 


Denote by 


— &n,kU n ,k- 


we get that it G H. Moreover we have that for every z £ <r(D) \ a p (D), there 
exists n,k £ Z such that z £ a(D,g n fc ) \ a p (D fc ). Indeed, if z G <j{D), then 
there exists a sequence A* of eigenvalues of D converging to z. If we consider 
a good subsequence, we can assume that every Xi are in only one square C m j. 
From the construction of Aj is associated to an eigenvector a whether 

in H m j , H m+ ij, H m j + i or H m +i,j+i- From the drawer principle, there exist 
at least one of those subspace which contains infinitely many e^. Denote this 
subspace by H n k- Then there exist infinitely many \ in the spectrum of D 
restricted to H n k- As A * converge to z and the spectrum is closed, we get that 
2 e a ( D \Hn.J- A s 

U n ,k Ran(D| i j n fc - z) 


and thus 


u £ Ran(D — z). 
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As Proposition [O] does not require that <j{D) is bounded, we can finish the 
proof as in Theorem ll.2l 

□ 
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